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It  sometimes  happen#  that  correlational  analysis  can  best  be 
handled  by  rank  methods  since  the  variate  values  are  expressed  as  ranks. 
In  other  cases ,  rank  methods  may  be  preferred  by  the  investigator  be¬ 
cause  of  peculiarities  in  the  bivariate  distributions  involved.  In  such 
cases  the  Spearman  Rho  Coefficient  has  been  used  quite  commonly  despite 
some  difficulties  with  tests  of  significance.  The  Kendall  Tau  Coeffic¬ 
ient  possesses  a  frequency  distribution  which  is  easy  to  calculate  for 
small  n  and  which  approaches  normality  quite  rapidly.  However,  the 
computation  of  the  tau  coefficient  from  its  definition  is  tedious.  A 
method  which  can  be  carried  out  easily  and  quickly  for  small  numbers  of 
cases,  say  fifty  or  less  is,  therefore,  set  forth  in  this  paper. 

The  tau  coefficient  is  quite  simply  defined.  Given  ranks  assigned 
to  a  set  of  individuals  on  two  tests  as  follows* 

Individuals  12  3^56 

Test  A  1  3  5  b  2  6 

Test  B  2  1  3  5  U  6 

Consider  each  possible  pair  of  ranks  in  the  A  array.  Assign  a  plus  one 
to  every  pair  which  is  in  normal  order  and  a  minus  one  to  each  pair  whicl 
is  in  inverted  order.  Do  the  same  for  the  B  array.  Than  for  correspond¬ 
ing  pairs  of  the  two  arrays,  the  plus  or  minus  one  values  are  multiplied 
together  and  the  products  are  summed.  The  result,  in  this  case  7#  is 
denoted  by  S.  The  total  nwber  of  pairs  in  each  array  must  be  the  com- 


* Kendall,  Maurice  0.  Rank  Correlation  Methods.  (London*  Charles  Oriffii. 
and  Company ,  Limited,  l9bB.}  pp.j7fr. 


binations  of  the  n  rank*  taken  two  at  •  time,  In  this  ease  (  |  )  •  15* 
Then  the  t*u  coefficient  is  defined  as 

x  *  •  h  -  -w 

Kendall  points  out  that  an  easier  procedure  is  to  rank  one  array 
in  normal  order  so  that  the  two  arrays  previously  given  would  appear  as 
follows » 

At  1  2  3  U  5  6 

B»  2  U  1  5  3  6. 

Then,  since  array  A  can  contribute  only  positive  pairs  to  the  value 
of  S ,  it  is  only  necessary  to  consider  the  contributions  of  the  pairs  in 
array  B.  It  is  clear  that  S-P-Q  and  (  §  )  •  P  ♦  Q 
where  P  is  the  number  of  positive  pairs  in  B  and  Q  is  the  number  of  nega¬ 
tive  pairs.  A  simple  algebraic  transformation  then  gives  the  result 


i  -  .?(L. 


(?) 


It  is  evident  that  the  Q  score  can  be  arrived  at  by  counting  the  number 


of  transpositions  necessary  to  put  array  B  into  normal  order.  In  the 


present  example  the  array  is  in  the  order  . 

2  1*  1  5  3  6. 


It  takes  two  transpositions  to  put  the  1  in  its  proper  Initial  position 
so  that  the  array  becomes  _  , 

1  2  L  5  3  6. 


The  2  is  already  in  normal  position,  and  two  transpositions  bring  the 
3  into  proper  position  to  give  1  2  3  U  6 

Now  the  array  is  in  normal  order  having  required  four  transposition 

Q  •  U  and  €  *  .1*67 


-  2  - 


to  transform  it.  Thus 


the  sane  result  as  was  arrived  at  by  the  previous  method. 

This  is  an  adequate  method  except  for  the  disadvantage  that  the 
writing  down  of  the  new  array  each  time  is  quite  laborious)  particularly 
if  a  larger  number  of  rankings  is  involved.  A  simple  device  for  accom¬ 
plishing  the  computation  can  be  constructed  in  a  few  minutes. 

A  trough  is  constructed  of  depth  and  width  convenient  to  accomodate 
a  set  of  numbered  blocks.  For  convenience  the  drawing  of  Figure  1  shows 


only  six  blocks.  The  procedure  can  be  used  with  reasonable  ease  for  as 


many  as  fifty  cases 


FIGURE  1 


The  trough  is  set  on  a  slant  so  that  as  one  of  the  blocks  to  the 


left  is  taken  out  the  others  will  slide  to  the  left.  The  upper  edge  of 


the  trough  is  narked  off  into  divisions  equal  in  width  to  the  blocka  and 


numbered  from  the  left  starting  with  the  number  0.  All  the  rankings  per¬ 


taining  to  each  individual  studied  are  entered  upon  e  card.  It  ia  an 
easy  matter  to  arrange  the  cards  in  order  according  to  one  of  the  varia 


bles  ranked.  For  instance,  the  rankings  previously  rentioned  could  be 


used  in  which  the  cards  would  be  placed  in  order  for  the  A  array  end  the 


B  array  would  then  appear  as 


Than  the  blocks  are  placed  In  the  trough  in  the  order  of  the  B  array.  The 
numbers  on  the  side  of  the  trough  then  correspond  to  the  A  array  numbers 
one  position  out  of  phase. 

The  next  step  is  to  remove  the  1  block  from  the  trough,  at  the  same 
time  observing  the  number  of  the  space  on  the  side  of  the  trough  corre¬ 
sponding  to  it  which  in  this  case  is  2.  The  value  2  is  entered  in  an 
adding  machine  as  part  of  the  value  of  Q  since  it  represents  the  number  of 
transpositions  necessary  to  place  the  1  block  in  its  normal  position.  The 
block  numbered  2  is  then  removed  and  placed  next  to  the  1  block  on  the 
table.  It  needs  no  transpositions  to  place  it  in  its  normal  position  as 
is  shown  by  the  xero  opposite  it.  The  3  block  is  then  removed  from  its 
new  position  opposite  the  2  on  the  side  of  the  trough  and  the  2  value 
is  entered  in  the  adding  machine  to  represent  the  number  of  transpositions 
needed  to  place  the  3  block  in  its  normal  position.  The  U,  5  and  6  blocks 
are  then  removed  consecutively  from  the  xero  position  and  since  no  trans¬ 
positions  are  required  for  them,  nothing  is  entered  in  the  adding  machine. 
The  total  in  the  machine  then  gives  the  total  Q  score.  In  a  simple  case 
such  as  this  one  the  adding  machine  is  not  really  needed  but  when  the 
process  is  applied  to  twenty  or  thirty  blocks  it  is  much  easier  to  use  an 
adding  machine  than  to  carry  the  addition  forward  mentally. 

The  above  process  is  an  easy,  almost  fool-proof  method  of  computing 
the  Q  score.  It  is  executed  much  more  easily  when  two  operators  work. 
Operator  X  calls  the  ranks  for  variable  B  off  the  cards  arranged  in  order 
of  variable  A.  Operator  T  places  the  blocks  in  the  trough  in  the  proper 
order.  Then  Operator  T  takes  the  blocks  out  in  order  of  rank  calling  out 


the  position  value  from  which  each  block  is  taken  so  that  Operator  X  can 
enter  it  in  the  adding  machine.  As  each  block  is  removed  all  blocks  on 
its  right  move  to  the  left.  With  a  manually  operated  adding  macnine  it 
is  easy  to  compute  Q  scores  quite  rapidly  for  as  many  as  fifty  ranks. 

When  the  blocks  are  all  out  they  are  then  in  order  on  the  table  and  it  is 
an  easy  natter  to  repeat  the  process  for  variable  C,  D,  etc.  V&en  all  the 
Q  scores  have  been  computed  for  the  possible  combinations  of  variable  A 
with  other  variables ,  the  cards  are  sorted  again  in  order  for  variable  B 
and  the  process  is  repeated  to  include  all  the  combinations  of  B  with  all 
variables  except  A.  This  procedure  is  repeated  until  all  possible  Q 
scores  have  been  computed.  It  is  then  an  easy  matter  to  compute  the  tau 
coefficients. 

Slight  modifications  of  the  procedure  are  necessary  in  the  case  of 
tied  ranks.  Two  different  situations  nay  be  present.  In  the  first,  one 
variable  has  no  tied  ranks.  In  such  cases  it  is  most  practical  to  sort 
the  cards  on  the  untied  ranking.  Then  suppose  that  a  tie  occurs  which 
uses  up  ranks  U,  5  and  6.  The  rank  5  is  assigned  to  all  three.  But  in 
the  present  method,  it  is  only  necessary  to  use  the  three  blocks  num¬ 
bered  U,  5  and  6,  making  sure  that  they  appear  in  order  in  the  trough 
from  left  to  right.  This  makes  certain  that  as  they  are  taken  out  of  the 
trough  none  of  them  will  affect  the  Q  score  contributions  of  the  others. 
When  several  ties  appear  in  the  ranking  it  is  usually  useful  to  keep  the 
ranking  in  front  of  the  operator  so  that  he  will  be  sure  to  get  the  blocks 
in  the  correct  order  when  he  places  them  in  the  trough. 

In  some  cases  ties  may  appear  in  the  variable  for  which  the  cards 
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%  0 


are  sorted.  In  such  a  case  it  is  neeessary  to  leek  through  the  cards  be¬ 
fore  arranging  the  blocks  and  to  make  sure  that  the  ties  on  this  variable 
are  arranged  in  order  of  site  of  the  second  variable.  This  gives  a  unique 
answer  in  every  case  so  that  if  this  procedure  is  followed  one  arrives  at 
the  same  result  as  he  would  if  the  cards  were  sorted  on  the  untied  vari¬ 
able.  This  procedure  is  always  necessary,  of  course,  if  ties  appear  in 
both  variables.  It  is  quite  obvious  that  the  easiest  method  for,  say, 
twenty  variables  is  to  sort  the  cards  first  on  the  variables  which  have  no 
ties  so  that  at  the  end  only  a  few  need  to  be  handled  in  the  more  cumber¬ 
some  manner. 

The  denominator  of  tau  also  must  be  adjusted  in  case  the  ranking  of 
either  variable  contains  ties.  The  denominator  will  then  be  not  the  total 
number  of  combinations  in  pairs  of  the  rankings  but  will  be  this  value 

less  the  number  of  tied  pairs  since  tied  pairs  contribute  nothing  to  S. 

2 

This  matter  is  treated  fully  by  Kendall. 
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op.  clt.  Chapter  3. 
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